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ASYMPTOTIC LINKING OF VOLUME-PRESERVING ACTIONS
OF Rk
JOS LUIS LIZARBE CHIRA AND PAUL A. SCHWEITZER, S.J.
Abstract. We extend V. Arnold’s theory of asymptotic linking for two vol-
ume preserving flows on a domain in R3 and S3 to volume preserving actions of
Rk and Rℓ on certain domains in Rn and also to linking of a volume preserving
action of Rk with a closed oriented singular ℓ-dimensional submanifold in Rn,
where n = k + ℓ+ 1.
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1. Introduction
V.I. Arnold, in his paper “The asymptotic Hopf invariant and its applications”
[1] published in 1986 (also see [2, 6, 15]), considered a compact domain Ω in R3 with
a smooth boundary and trivial homology and two divergence free vector fields X
and Y in Ω tangent to the boundary ∂Ω. He defined an asymptotic linking invariant
lk(X,Y ) that measures the average linking of trajectories of X with those of Y , and
another invariant I(X,Y ) =
∫
Ω
α ∧ dβ, where dα = iXω and dβ = iY ω (interior
products with the volume form ω on Ω), and showed that lk(X,Y ) = I(X,Y ).
We extend these results to volume-preserving actions Φ and Ψ of Rk and Rℓ on
a compact convex domain Ω with smooth boundary in Rn, where Φ and Ψ are
tangent to ∂Ω and k + ℓ = n− 1.
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Arnol’d defines the invariant lk(X,Y ) as follows. For p ∈ Ω and T > 0, let
ϑX(p, T ) = {φXt (p)|0 ≤ t ≤ T } be the segment of orbit beginning at p and contin-
uing for a time T , and let ϑ˜X(p, T ) be this curve closed by adding a short path in
Ω from φXT (p) to p. Define ϑ˜Y (q, S) similarly. The asymptotic linking invariant of
X and Y is
lk(X,Y ) =
∫
Ω×Ω
l˜k(p, q)
where
l˜k(p, q) = lim
S,T→∞
1
ST
lk(ϑ˜X(p, T ), ϑ˜Y (q, S)).
Then lk(X,Y ) is well-defined, since lk(ϑ˜X(p, T ), ϑ˜Y (q, S)) is defined and the limit
exists for almost all (p, q) ∈ Ω × Ω, and furthermore the function l˜k(p, q) is in
L1(Ω× Ω) [15].
In §2 we define an asymptotic linking invariant lk(Φ,Ψ) which measures the de-
gree of linking between orbits of the actions Φ and Ψ and another invariant I(Φ,Ψ)
defined in terms of differential forms. Our main result, Theorem 2 (proven in §9),
states that lk(Φ,Ψ) = I(Φ,Ψ). Analogous results are given for the asymptotic link-
ing of the action Φ with a closed oriented ℓ-dimensional submanifold N (Theorem
4, proven in §8).
We use extensions of the gradient, curl, and divergence to multivectors in higher
dimensions, as presented in [10] and recalled in §3, and an extension to higher
dimensions of the classical Biot-Savart formula, which gives an inverse for the curl
of a divergence-free vector field on R3 (see §5 and [10]). Our paper [10] gives
prerequisites for the development of the current paper.
A version of the ergodic theorem due to Tempelman [14] that is used in the proofs
is given in §4. As an application, we show that our invariant gives a lower bound
for the energy of an action in §10. Examples in which the invariant is non-trivial
are given in the last section, §11.
These results are taken from the doctoral thesis [9] of the first author, under
the direction of the second author at the Pontifical Catholic University of Rio de
Janeiro (PUC-Rio). Some similar results were obtained by Garc´ıa-Compe´an and
Santos-Silva in [5].
It would be interesting to extend these results to Sn and other Riemannian
manifolds and also to linking of Rk-actions with leaves of foliations endowed with
an invariant transverse volume form.
2. Definitions and statements of results
Let M be an oriented Riemannian n-dimensional manifold and let Ω ⊂ M be
a compact convex domain with smooth boundary ∂Ω. In the main results of this
paper, M will be Rn with the standard metric, but many of the details are valid
more generally. A smooth (C∞) action of the k-dimensional real vector space Rk
on Ω,
Φ : Rk × Ω→ Ω,
is a smooth mapping such that for s, t ∈ Rk and x ∈ Ω,
Φ(s,Φ(t, x)) = Φ(s+ t, x)
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and Φ(0, x) = x; we always suppose that all actions are smooth. Then Φ is de-
fined by k vector fields tangent to ∂Ω, X1, X2, . . . , Xk, whose corresponding flows
φ1, φ2, . . . , φk commute with each other, so that for t = (t1, . . . , tk) ∈ Rk and x ∈ Ω,
Φ(t, x) = φ1(t1, φ
2(t2, . . . , φ
k(tk, x), . . . )).
In other words, if we set Φt = Φ(t, ·) and φ
i
ti = φ
i(ti, ·) for each i, then Φt =
φ1t1 ◦ · · · ◦φ
k
tk . As usual, φ
i is related to X i by the identity ∂∂tφ
i(t, x) = X i(φi(t, x))
and the commutation of φi and φj is equivalent to the vanishing of the Lie bracket
[X i, Xj].
Definition 1. A (smooth) action Φ : Rk × Ω → Ω on Ω is conservative if it
is volume-preserving (i.e., for each t ∈ Rk, Φt : Ω → Ω preserves the Riemannian
volume form on M) and the generating vector fields X i are tangent to the boundary
∂Ω.
Let Φ : Rk × Ω → Ω and Ψ : Rℓ × Ω → Ω be conservative actions on Ω,
k+ℓ+1 = n. Let X = X1∧· · ·∧Xk and Y = Y 1∧· · ·∧Y ℓ be the exterior products
of the k vector fields that generate the action Φ and the ℓ vector fields that generate
Ψ, and let ω be the volume form on Ω. Denote the differential forms of degree r
on Ω (resp., the forms that vanish on ∂Ω) by Er(Ω) (resp., Er(Ω, ∂Ω)). Since Ω
is convex, their deRham cohomology groups H∗(Ω;R) and H∗(Ω, ∂Ω;R) vanish for
0 < r < n. The differential forms iXω ∈ Eℓ+1(Ω, ∂Ω) and iY ω ∈ Ek+1(Ω, ∂Ω)
given by the interior products with X and Y vanish on the boundary ∂Ω since X
and Y are tangent to the boundary, and these forms are closed since the actions
are volume-preserving. Since Ωis convex, they are exact, so there exist differential
forms α ∈ Eℓ(Ω, ∂Ω) and β ∈ Ek(Ω, ∂Ω) of degrees ℓ and k, respectively, such that
dα = iXω and dβ = iY ω. Then we define the invariant
I(Φ,Ψ) =
∫
Ω
α ∧ dβ,
which obviously does not depend on the choice of β. Since d(α ∧ β) = dα ∧ β +
(−1)ℓα ∧ dβ and both α and β vanish on ∂Ω, Stokes’ theorem gives the following
result.
Lemma 1. This invariant satisfies
I(Φ,Ψ) = (−1)ℓ+1
∫
Ω
dα ∧ β = (−1)(ℓ+1)(k+1)I(Ψ,Φ).
Hence it depends only on the actions Φ and Ψ, and not on the choice of the differ-
ential forms α and β.
We shall define an asymptotic linking number lk(Φ,Ψ) that measures the degree
of linking between orbits of Φ and Ψ. For sets T ⊂ Rk and Y ⊂ Ω we set Φ(T, Y ) =
{Φ(t, y) | t ∈ T, y ∈ Y }. Let Tk be the set of k-rectangles
T = [0, T1]× · · · × [0, Tk], (T1, . . . , Tk) ∈ R
k
+
where Rk+ is the space of k-tuples of non-negative real numbers, and fix a point
p˜ ∈ Ω. Then we let θΦ(p, T ) be the closed oriented singular k-manifold in the
domain Ω
θΦ(p, T ) = Φ(T, p) ∪ σ(p, T )(1)
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where
σ(p, T ) = Φ(∂T, p) ∗ p˜(2)
is the cone composed of the geodesic segments joining each point of Φ(∂T, p) to p˜.
We construct the closed oriented singular ℓ-manifold θΨ(q, S) = Ψ(S, q)∪σ′(q, S) in
like manner, replacing T by S = [0, S1]×· · ·×[0, Sℓ] ∈ Tℓ for some (S1, . . . , Sℓ) ∈ R
ℓ
+,
Φ by Ψ, and p˜ by another point q˜ 6= p˜.
For fixed T and S, since the sum of the dimensions of θΦ(p, T ) and θΦ(q, S) is
less than n, the following lemma holds. It will be proved in §9.
Lemma 2. Fix T ∈ Tk and S ∈ Tℓ. Then for almost every pair (p, q) ∈ Ω× Ω the
singular manifolds θΦ(p, T ) and θΨ(q, S)) are disjoint and therefore lk(θΦ(p, T ), θΨ(q, S))
is defined.
The set D(Φ,Ψ) = {(p, T, q, S) ∈ Ω × Tk × Ω × Tℓ | θΦ(p, T ) ∩ θΨ(q, S) = ∅},
where the compact sets θΦ(p, T ) and θΨ(q, S)) are disjoint, is clearly open, and
since it has full measure, it must be dense.
Corollary 1. D(Φ,Ψ) is an open dense set in Ω× Tk × Ω× Tℓ.
It follows from the Lemma that the function
lkT,S(p, q) :=
1
λk(T )λℓ(S)
lk(θΦ(p, T ), θΨ(q, S))
is defined for almost all pairs (p, q) ∈ Ω × Ω, where λk(T ) = T1 · · ·Tk and λℓ =
S1 · · ·Sℓ are the Lebesgue measures on R
k and Rℓ. The following theorem, proved
in §9, affirms that this function is in L1(Ω × Ω) and permits us to define the
linking index for the orbits of Φ and Ψ. We write T, S → ∞ to signify that
min{T1, . . .Tk, S1, . . . , Sℓ} → ∞.
Theorem 1. Suppose that Ω is a compact convex domain in Rn. Let Φ : Rk×Ω→
Ω and Ψ : Rℓ × Ω→ Ω be conservative actions with k + ℓ+ 1 = n. Then
1. The limit function lim
T,S→∞
lkT,S exists as a function in L
1(Ω× Ω), i.e., there
is an integrable function l˜kΦ,Ψ : Ω× Ω→ R defined almost everywhere such that
lim
T,S→∞
∫
Ω
∫
Ω
|lkT,S(p, q)− l˜kΦ,Ψ(p, q)| dpdq = 0.
2. The integral
∫
Ω
∫
Ω
l˜kΦ,Ψ(p, q)dpdq is independent of the choice of the distinct
points p˜ and q˜.
Then the asymptotic linking number of Φ and Ψ is defined to be
lk(Φ,Ψ) :=
∫
Ω
∫
Ω
l˜kΦ,Ψ(p, q)dpdq
Our main theorem is the following.
Theorem 2. Under the above conditions, the asymptotic linking number and the
invariant I(Φ,Ψ) coincide, i.e.,
lk(Φ,Ψ) = I(Φ,Ψ).
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Linking of an action with a submanifold. There is a similar theory for asymp-
totic linking between a (smooth) conservative action Φ : Rk × Ω→ Ω and a closed
oriented singular ℓ-submanifold N ⊂ Ω, where as above Ω is a compact convex
domain in n-dimensional Euclidean space and n = k+ ℓ+1. As before, let α be an
ℓ-form on Ω satisfying dα = iX ω where the vector fields X
1, X2, . . . , Xk generate
the action Φ, X = X1 ∧ · · · ∧ Xk and let ω be the volume form on Ω. Then we
define
I(Φ, N) =
∫
N
α.(3)
By analogy to the previous case of two actions, we can also define an asymptotic
linking number between the action Φ and N . As before, let θΦ(p, T ) = Φ(T, p) ∪
σ(p, T ) with the apex of the cone at p˜ ∈ Ω \N . The proof of the following Lemma
is analogous to the proof of Lemma 2 and will also be given in §9.
Lemma 3. Fix T ∈ Tk and let N ′ be a compact oriented singular ℓ-submanifold
N ′ ⊂ Ω, possibly with boundary, Then for almost every point p ∈ Ω, θΦ(p, T )∩N ′ =
∅.
Hence when N ′ = N ,
1
λk(T )
lk(θΦ(p, T ), N) is defined for almost all p ∈ Ω. Fur-
thermore, the limit as T →∞ exists in L1(Ω), and the integral is well-defined:
Theorem 3. Let Φ : Rk × Ω → Ω be a conservative action on a compact convex
domain Ω in Rn and let N ⊂ Ω be a smooth closed oriented ℓ-manifold, with
k + ℓ+ 1 = n. Then
1. The limit function lkΦ,N (p) := lim
T→∞
1
λk(T )
lk(θΦ(p, T ), N) exists as a func-
tion in L1(Ω), i.e., there is an integrable function l˜kΦ,N : Ω → R defined almost
everywhere such that
lim
T→∞
∫
Ω
|
1
λk(T )
lk(θΦ(p, T ), N)− l˜kΦ,N (p)| dp = 0.
2. The integral
∫
Ω
l˜kΦ,N (p)dp is independent of the choice of the point p˜.
Then we define the asymptotic linking number of Φ and N to be
lk(Φ, N) :=
∫
Ω
l˜kΦ,N (p) dp.
Theorem 4. Under the above conditions, the asymptotic linking number and the
invariant I(Φ, N) coincide, i.e.,
lk(Φ, N) = I(Φ, N).
Theorem 1 follows from Proposition 7 in §9, the proof of Theorem 2 is given
at the end of §9, Theorem 3 follows from Proposition 5 in §8, and the proof of
Theorem 4 is given in §8.
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3. Vector operations and extensions of grad, curl, and div.
Here we recall some definitions and results on vector operations from [10], to
which we refer for details. For an oriented Riemannian n-manifold Mn let Ex,r =
Ex,r(M) = ∧rM be the rth exterior power of the tangent space at x ∈M with the
exterior multiplication of multi-vectors ∧ : Ex,r × Ex,s → Ex,r+s and the Hodge
operator ∗ : Ex,r → Ex,n−r, whose composition is
(4) ∗ ◦∗ = (−1)r(n−r)id : Ex,r → Ex,r.
The inner product on Ex,r, which for decomposable multivectors u = u1 ∧ · · · ∧ ur
and v = v1 ∧ · · · ∧ vr satisfies
(5) u · v = det(< ui, vj >),
extends to an R-bilinear product
(6) · : Ex,r × Ex,s → Ex,s−r, (u, v) 7→ u · v = ∗(u ∧ ∗v),
and there is a generalization to Rn of the classical cross product on R3
(7) × : Ex,r × Ex,s → Ex,n−r−s, (u, v) 7→ u× v = ∗(u ∧ v),
so that u · v = u× ∗v.
For the space Ek = Ek(M) of smooth k-vector fields on M and the dual space
of differential k-forms Ek = Ek(M), the inner product (U, V ) 7→ U · V ∈ R on Ek
determines an isomorphism j : Ek → E
k, j(U)(V ) = U ·V. For U ∈ Ek the interior
product iU : E
r → Er−k is defined iUα = a(U ∧ V ), V ∈ Er−k. The gradient ∇,
defined ∇f = j−1(df) for a smooth function f on M , extends to the linear gradient
operator ∇ : Ek → Ek+1 by setting ∇X = j−1d(j(X)).
The curl and divergence on R3 extend to operators rot : Ek(Ω) → Eℓ(Ω) and
div : Ek(Ω)→ Ek−1(Ω),
(8) rot(X) = (−1)(k+1)ℓ ∗ (∇X)
and
(9) div(X) = (−1)(k+1)ℓ ∗ ∇(∗X),
where we always set ℓ = n− k − 1.
For the rest of this section, we restrict our discussion to n-dimensional euclidean
space M = Rn. Let (e1, . . . , en) be the canonical basis of E1 = E1(R
n) with
ei = ∂/∂xi, and let {dx1, . . . dxn} be the dual basis of the space of differential
1-forms E1(Rn). The vector field U =
∑n
i=1 uiei on R
n acts on a function f ,
U(f) = < U,∇f > =
∑n
i=1 ui
∂f
∂xi
and also on a vector field V =
∑n
i=1 viei,
U(V ) =
n∑
i=1
U(vi)ei =
n∑
i,j=1
uj
∂vi
∂xj
ei,
so the Lie bracket is [U, V ] = U(V )−V (U). It is easy to check that the gradient of
a k-vector field X = f ei1 ∧ · · · ∧ eik , where f is a smooth real function, is
∇X = (∇f) ∧ ei1 ∧ · · · ∧ eik .(10)
We recall Proposition 3 of [10]:
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Proposition 1. Let V = V 1 ∧ · · · ∧ V k be the exterior product of vector fields
V 1, . . . , V k on Rn. Then
div(V ) = (−1)k
n∑
i=1
(−1)idiv(V i) V 1 ∧ · · · V̂ i · · · ∧ V k
+(−1)k
∑
1≤i<j≤k
(−1)i+j [V i, V j ] ∧ V 1 ∧ · · · ∧ V̂ i ∧ · · · ∧ V̂ j ∧ · · · ∧ V k
where [V i, V j ] is the Lie bracket.
Proposition 2. Let ω be the positive unit volume form. Given a k-vector field
U ∈ Ek(Ω) and a k-form α ∈ Ek(Ω) (0 ≤ k ≤ n), we have:
α(U)ω = α ∧ iUω(11)
dj(U) = irot(U)ω.(12)
Proof. If U = ei1 ∧ · · · ∧ eik with i1 < · · · < ik and α = dxj1 ∧ · · · ∧ dxk with
j1 < · · · < jk, then α(U) 6= 0 if and only if the sequences (i1, . . . , ik) and (j1, . . . , jk)
coincide, and then α(U)ω = ω = α ∧ iUω. If the two sequences do not coincide,
then both sides vanish. By expanding any U and α and using linearity, we conclude
that the equation (11) holds in general.
Next, dj(U) = j(∇U) = j((−1)(k+1)(n−k) ∗ ∗∇U) = j(∗rot(U)) which is equal
to irot(U)ω since it is easy to see that j(∗Y ) = iY ω for any Y (see [10, Lemma 1]),
thus proving (12). 
4. The Ergodic Theorem for actions of Rk
In this section we present Theorem 5, a special case of Tempelman’s version of
the Ergodic Theorem [14] (also see [13]), for volume-preserving actions of Rk. This
result is an essential step in showing that the definition of the asymptotic linking
invariant makes sense.
Let M be a compact Riemannian manifold (possibly with boundary) with Rie-
mannian volume form µ and let Φ : Rk ×M → M be a conservative action of Rk
on M . Let L1(M) denote the space of measurable real functions f : M → R such
that
∫
M
|f |dµ <∞. Consider a sequence of k-rectangles
Tn := [0, T
1
n ]× · · · × [0, T
k
n ], n ∈ N
with each T in > 0, such that for each i (1 ≤ i ≤ k) limn→∞T
i
n =∞. For a function
f ∈ L1(M), define a sequence of means fn ∈ L1(M), n ∈ N, by setting
fn(p) :=
1
λ(Tn)
∫
t∈Tn
f(Φt(p))dλ(t)(13)
=
1
T 1nT
2
n . . . T
k
n
∫ Tkn
0
∫ Tk−1n
0
· · ·
∫ T 1n
0
f(Φ(t1,...tk)(p))dt1dt2 . . . dtk
where λ is the Lebesgue measure on Rk and t = (t1, . . . tk). The following theorem
is a special case of Theorem 6.2 of Tempelman [14] and also of Theorem 3.3 of
Lindenstrauss [8].
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Theorem 5. (Ergodic Mean Theorem) There is a unique function f˜ in L1(M) to
which the sequence {fn}n∈N converges almost everywhere, i.e.,
limn→∞
∫
M
|fn − f˜ | dµ = 0.(14)
Furthermore, f˜ is independent of the choice of the sequence {Tn}n∈N and satisfies∫
M
f˜ dµ =
∫
M
f dµ.(15)
Of course, uniqueness of f˜ is understood in the sense of L1, i.e., two such func-
tions f˜ agree except on a set of measure zero.
Lindenstrauss’ Theorem 3.3 implies this theorem since Rk is an amenable group
and {Tn} is a tempered Folner sequence.
Outline of the Proof. First we observe that for a fixed sequence {Tn} of k-
rectangles the set of f ∈ L1(M) for which the Theorem holds is a closed vec-
tor subspace of L1(M). Then the essential idea is Tempelman’s decomposition of
L1(M) into invariant functions and functions with zero mean (Theorem 5.1 of [14]).
Let W be the vector subspace of L1(M) generated by functions h − h ◦ Φt where
h = χA is the characteristic function of a measurable set A and t ∈ Rk, and let W
be its closure in L1(M). One shows that the conclusions of the Theorem hold for
f = h − h ◦ Φt, if h is the characteristic function of a measurable set A in Ω, and
consequently for every f ∈ W . By approximation, the same is true for all f ∈W .
On the other hand, let I ⊂ L1(M) be the set of invariant functions where
f ∈ L1(M) is invariant if there exists a measurable set A with µ(M \ A) = 0 such
that for every x ∈ A and t = (t1, . . . , tk) ∈ Rk we have f(Φt(x)) = f(x). For every
invariant function f it is clear that fn = f , so it is easy to see that the conclusions
of the Theorem hold for every f ∈ I by setting f˜ = f . Since by Theorem 5.1 of
[14] every function f ∈ L1(M) can be uniquely represented as a sum f = f1 + f2
with f1 ∈ I and f2 ∈ W , the Theorem holds for every f ∈ L1(M). 
5. Extension of the Biot-Savart formula
Let Ω be a bounded domain with smooth boundary ∂Ω in Rn and let V =
V1 ∧ · · · ∧ Vk be the exterior product of commuting vector fields V1, . . . , Vk on Ω
that are divergence-free and tangent to ∂Ω, 1 ≤ k < n, with ℓ = n− k − 1. Then
Theorem 3 of [10] states that the curl operator, rot : Ek(Ω) → Eℓ(Ω), has a right
inverse given by the Biot-Savart operator, as follows.
Theorem 6. [10] For x ∈ Ω the ℓ-vector field
(16) BS(V )(x) =
(−1)k
an
∫
Ω
(x− y)
||x− y||n
× V (y)dλ(y),
where λ is the standard Lebesgue measure and an is the (n− 1)-volume of the unit
sphere in Rn, satisfies
rot(BS(V ))(x) = V (x).
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Corollary 2. Let Ω be convex with unit volume form ω and let V ∈ Ek(Ω) be as
above. Then
dj(BS(V )) = iV ω and(17)
I(Φ,Ψ) =
∫
j(BS(X)) ∧ dβ(18)
Proof. By (12) and Theorem 6,
djBS(V ) = irot(BS(V ))ω = iV ω.
proving (17). By Lemma 1
I(Φ,Ψ) =
∫
Ω
α ∧ dβ
is independent of α, provided that dα = iXω. Then by (17) with V = X
I(Φ,Ψ) =
∫
j(BS(X)) ∧ dβ. 
6. Linking of submanifolds
In order to study the asymptotic linking invariant we recall the linking of singular
submanifolds in Rn. Let N and N ′ be closed, oriented, possibly singular, disjoint
submanifolds of Rn of dimensions k and ℓ, where we always suppose that n =
k + ℓ + 1. Then the linking number lk(N,N ′) of N and N ′ can be defined as
follows. Let C be a compact oriented singular k+1-dimensional manifold Rn with
∂C = N . By a small deformation of C, if necessary, we may suppose that C is
transverse to N ′ and only intersects it in non-singular points of N ′. Define
lk(N,N ′) :=
∑
p
εp
where the sum is taken over all points p ∈ C ∩N ′, with εp = +1 if the orientation
of C×N ′ coincides with that of Rn or −1 if the orientations are opposite. It is well
known that this linking number is symmetric, does not depend on the choice of C,
and can also be calculated as
lk(N,N ′) = deg(f : N ×N ′ → Sn−1)
where
f(p, q) :=
q − p
‖q − p‖
is the normalized vector from p ∈ N to q ∈ N ′ and deg(f) is the degree of the
mapping f relative to the orientations of N , N ′, and Sn−1. If N and N ′ are
disjoint images of smooth maps g : N¯ → Rn and g′ : N¯ ′ → Rn, then the linking
number can be calculated by
lk(N,N ′) =
1
an
∫
N¯×N¯ ′
f¯∗(σ)(19)
where f¯ = f ◦ (g × g′) and an =
∫
Sn−1 σ is the volume of S
n−1.
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In order to prove the next proposition, we observe that if (t1, , t2, . . . , tk) are
local coordinates in N , then the volume form dη on N can be written in these
coordinates as
(20) dη =
∣∣∣∣∣∣ ∂
∂t1
∧ · · · ∧
∂
∂tk
∣∣∣∣∣∣ dt1dt2 . . . dtk.
and similarly for the volume form dη′ on N ′ with local coordinates s1, . . . , sℓ.
Proposition 3. If N and N ′ are disjoint immersed closed oriented submanifolds
in Rn, then the linking number lk(N,N ′) can be calculated by the formula
(21) lk(N,N ′) =
(−1)k
an
∫
p∈N
∫
q∈N ′
(
(q − p)× U(p)
)
· U ′(q)
||q − p||n
dη(p)dη′(q)
where U(p) is a unit k-vector on N at p and U ′(q) is a unit ℓ-vector on N ′ at q
and η and η′ are the volume measures in N and N ′.
Furthermore, this formula holds if N and N ′ are the disjoint images of smooth
manifolds N¯ and N¯ ′ under smooth singular maps g : N¯ → Rn and g′ : N¯ ′ → Rn,
since the images of the singular sets (where U(p) = 0 or U ′(q) = 0) have measure
zero on N and N ′, by Sard’s Theorem.
Proof. Note that the volume form σ =
∑n
i=1(−1)
i−1xidx1 . . . d̂xi . . . dxn on S
n−1
can be written σ = iY dx1 . . . dxn, where Y =
∑n
i=1 xiei is the position vector in
Sn−1. Then, since dx1 . . . dxn(Z) = ∗Z for any Z ∈ Λn(R
n),
σ(v2 ∧ v3 ∧ · · · ∧ vn) = iY dx1 . . . dxn)(v2 ∧ · · · ∧ vn)
= dx1 . . . dxn(Y ∧ v2 ∧ · · · ∧ vn)
= ∗(Y ∧ v2 ∧ · · · ∧ vn).(22)
On the other hand, using local coordinates (t1, . . . , tk, s1, . . . , sℓ) in N ×N ′, since
f(p, q) = q−p||q−p|| and f¯ = f ◦ (g × g
′), we have
∂f¯
∂ti
(p, q) =
−1
||q − p||
∂
∂ti
(p) +
[
1
||q − p||
]
ti
(q − p),
∂f¯
∂sj
(p, q) =
1
||q − p||
∂
∂sj
(q) +
[
1
||q − p||
]
sj
(q − p).
Setting ∂∂t =
∂
∂t1
∧ · · · ∧ ∂∂tk and
∂
∂s =
∂
∂s1
∧ · · · ∧ ∂∂sℓ we get
∂f¯
∂t
∧
∂f¯
∂s
=
∂f¯
∂t1
∧ · · · ∧
∂f¯
∂tk
∧
∂f¯
∂s1
∧ · · · ∧
∂f¯
∂sℓ
=
(−1)k
||q − p||k+ℓ
∂
∂t
∧
∂
∂s
+W ∧ (q − p)(23)
whereW is a (k+ℓ−1)-vector. Thus, at the point (p, q) in N×N ′ that corresponds
to the point q−p||q−p|| ∈ S
n−1, using local coordinates and k + ℓ+ 1 = n we get
f¯∗(σ)(p, q) = σ(
∂f¯
∂t
∧
∂f¯
∂s
)dt1 . . . dtkds1 . . . dsℓ
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= dx1 . . . dxn
( q − p
||q − p||
∧
∂f¯
∂t
∧
∂f¯
∂s
)
dt1 . . . dtkds1 . . . dsℓ
=
(−1)k
||q − p||n
dx1 . . . dxn
(
(q − p) ∧
∂
∂t
∧
∂
∂s
)
dt1 . . . dtkds1 . . . dsℓ by (23)
=
(−1)k
||q − p||n
∗
(
(q − p) ∧
∂
∂t
∧
∂
∂s
)
dt1 . . . dtkds1 . . . dsℓ by (22)
=
(−1)k
||q − p||n
∗
(
(q − p) ∧ ||
∂
∂t
||U) ∧ (||
∂
∂s
||U ′
)
dt1 . . . dtkds1 . . . dsℓ
=
(−1)k
||q − p||n
∗
(
(q − p) ∧ U(p) ∧ U ′(q)
)
dη(p)dη′(q) by (20)
=
(−1)k
||q − p||n
∗
(
(−1)(k+1)ℓU ′(q) ∧ (q − p) ∧ U(p)
)
dη(p)dη′(q)
=
(−1)k
||q − p||n
∗
(
U ′(q) ∧ ∗ ∗ [(q − p) ∧ U(p)]
)
dη(p)dη′(q) by (4)
=
(−1)k
||q − p||n
∗
(
U ′(q) ∧ ∗[(q − p)× U(p)]
)
dη(p)dη′(q) by (7)
=
(−1)k
||q − p||n
U ′(q) ·
(
(q − p)× U(p)
)
dη(p)dη′(q) by (6)
=
(−1)k
||q − p||n
(
(q − p)× U(p)
)
· U ′(q)dη(p)dη′(q)
since U ′(q) and (q − p) × U(p) are in the same dimension ℓ so the dot product
commutes. Thus by (19)
lk(N,N ′) =
1
an
∫
p∈N
∫
q∈N ′
f¯∗(σ)(p, q)
=
(−1)k
an
∫
p∈N
∫
q∈N ′
(
(q − p)× U(p)
)
· U ′(q)
||q − p||n
dη(p)dη′(q). 
Remark 1. (See, e.g., [3]) In dimension 3, when N and N ′ are curves parametrized
by arclength by α : [0, t0] → N and α′ : [0, s0] → N ′, the formula (21) becomes the
well-known Gauss linking number formula
lk(N,N ′) =
−1
4π
∫ t0
0
∫ s0
0
(
(α′(s)− α(t)) × α˙(t)
)
· α˙′(s)
||α′(s)− α(t)||3
dtds.
A double differential form L(x, y) on Rn×Rn of bidegree (k, ℓ), k+ ℓ = n− 1, is
called a linking form if whenever N = g(N¯) and N ′ = g′(N¯ ′) are disjoint images
of smooth singular maps g : N¯ → Rn and g′ : N¯ ′ → Rn, where N¯ and N¯ ′ are closed
oriented manifolds of dimensions k and ℓ, then we have
lk(N,N ′) =
∫
N
∫
N ′
L.
Corollary 3.
(24) L = L(x, y) =
(−1)k
an
(
(y − x)× U(x)
)
· U ′(y)
||y − x||n
dη(x)dη′(y)
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is a linking form on Rn ×Rn, where U(x) is a unit k-vector on N at x, U ′(y) is a
unit ℓ-vector on N ′ at y, and η and η′ are the volume measures in N and N ′.
This is evident from Proposition 3.
7. Proofs of Lemmas 2 and 3
As in §2, consider two volume-preserving actions Φ : Rk × Ω → Ω and Ψ :
Rℓ × Ω → Ω on a compact convex domain Ω in a Riemannian n-manifold M
tangent to the (smooth) boundary ∂Ω, n = k + ℓ + 1. Recall that Tk is the set
of k-rectangles T = [0, T1] × · · · × [0, Tk] ⊂ Rk for (T1, . . . , Tk) ∈ Rk+. Fix points
p˜, q˜ ∈ Ω, p˜ 6= q˜, and consider the geodesic cones σ(p, T ), (p, T ) ∈ Ω × Tk, and
σ′(q, S), (q, S) ∈ Ω × Tℓ, with apices p˜ and q˜, as defined in (2). We now prove
Lemma 2.
Proof of Lemma 2. We must show that for every T ∈ Tk and S ∈ Tℓ the set
X = {(p, q) ∈ Ω× Ω | θΦ(p, T ) ∩ θΦ(q, S) 6= ∅}
has measure zero in Ω× Ω. Set
Aq = Φ(−T,Ψ(S, q)), Bq = Φ(−T, σ
′(q, S)),
B′p = Ψ(−S, σ(p, T )), and Cp = {q ∈ Ω | σ(p, T ) ∩ σ
′(q, S) 6= ∅}.
Note that for any set K ⊂ Ω and p ∈ Ω, p ∈ Φ(−T,K) ⇐⇒ Φ(T, p) ∩ K 6= ∅.
Consequently
p ∈ Aq ⇐⇒ Φ(T, p) ∩Ψ(S, q) 6= ∅,
p ∈ Bq ⇐⇒ Φ(T, p) ∩ σ
′(q, S) 6= ∅, and
q ∈ B′p ⇐⇒ Ψ(S, q) ∩ σ(p, T ) 6= σ(p, T )∅.
Since θΦ(p, T ) = Φ(T, p) ∪ σ(p, T ) and similarly for θΨ(q, S), it follows that
X =
⋃
q∈Ω
((Aq ∪Bq)× {q}) ∪
⋃
p∈Ω
({p} × (B′q ∪ Cp)).
Each of the sets Ap, Bp, and B
′
q is a singular compact (n − 1)-dimensional sub-
manifold with open dense complement in Ω, and therefore has measure zero in
Ω.
Next we shall show that if p 6= q˜ the set Cp has measure zero in Ω. Let N˜ be
the cone consisting of straight segments beginning at q˜, passing through a point of
σ(p, T ), and ending at a point of ∂Ω. Let N be the closure of the component of
N˜ \ σ(p, T ) that does not contain the point q˜. Now σ′(q, S) meets σ(p, T ) if and
only if Ψ(∂S, q) meets N . Thus Cp = Ψ(−∂S,N), which is a compact singular
manifold (the product of the image of the union of the 2ℓ faces of S with N) of
dimension (ℓ− 1) + (k + 1) = n− 1, so it has measure zero.
Note that each of the sets
∪q(Aq × {q}), ∪q(Bq × {q}), ∪p({p} ×B
′
p), and ∪p ({p} × Cp)
is closed and therefore measurable in Ω×Ω. Hence the function f : Ω×Ω→ {0, 1},
defined by setting f(p, q) = 1 if p ∈ Aq and 0 otherwise, is measurable. Since
Aq has measure zero in Ω for almost all q ∈ Ω, and therefore
∫
Ω f(p, q)dp = 0 for
almost all q, Fubini’s theorem shows that
∫
Ω
∫
Ω
f(p, q)dpdq = 0, which means that
the set ∪q(Aq ×{q}) has measure zero in Ω×Ω. Parallel arguments show that the
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sets ∪q(Bq ×{q}),∪p({p}×B′p), and ∪p({p}×Cq) also have measure zero, so their
union X has measure zero in Ω× Ω, as claimed. 
Proof of Lemma 3. The proof is similar to the last proof. We must show that
for every T ∈ Tk the set Y = {p ∈ Ω | θΦ(p, T ) ∩N ′ 6= ∅} has measure zero in Ω.
Observe that Y = A∪C whereA = Φ(T−1, N ′) and C = {p ∈ Ω | σ(p, T )∩N ′) 6= ∅}.
Let B˜ be the cone consisting of segments beginning at p˜, passing through a point
of N ′, and ending at a point of ∂Ω. Let B be the closure of the component of
B˜ \ N ′ that does not contain the point p˜. As in the previous proof, we find that
C = Ψ(−∂T,N ′), and then A, C, and their union Y have measure zero in Ω. 
8. Asymptotic linking of an action and a submanifold
Consider a volume-preserving action Φ : Rk×Ω→ Ω tangent to the boundary on
a compact convex domain Ω ⊂ Rn with smooth boundary and let N ⊂ Ω be a closed
singular ℓ-dimensional oriented submanifold of Ω, with k + ℓ = n − 1. As before,
Tk is the set of k-rectangles T = [0, T1]× · · · × [0, Tk] ⊂ R
k for (T1, . . . , Tk) ∈ R
k
+,
p˜ ∈ Ω \ N is fixed, and X = X1 ∧ · · · ∧ Xk generates Φ. According to Lemma 3,
for every T ∈ Tk the sets σ(p, T ) defined in (2) are disjoint from N for almost all
p ∈ Ω. The invariant I(Φ, N) =
∫
N
α with dα = iXω was defined in (3).
Lemma 4. This invariant satisfies I(Φ, N) =
∫
N
jBS(X) and does not depend on
the choice of α.
Proof. By (17) djBS(X) = iXω = dα so d(α − jBS(X)) = 0. Since Ω is convex,
α− jBS(X) is exact and there exists a form θ such that dθ = α− jBS(X). Then
I(Φ, N) −
∫
N
jBS(X) =
∫
N
α −
∫
N
jBS(X) =
∫
N
dθ =
∫
∂N
θ = 0 since ∂N = ∅.
Clearly
∫
N
jBS(X) does not depend on α. 
Proposition 4. The following conditions are satisfied:
(1) The sets σ(p, T ) vary measurably in the sense that for every T ∈ Tk there
is a function hT : Ω→ R defined by
hT (p) =
1
T1 . . . Tk
∫
x∈σ(p,T )
∫
y∈N
L(x, y),
and hT ∈ L1(Ω), i.e.,
∫
Ω
|hT (p)|dη(p) <∞.
(2) The family of functions {hT} converges to zero in L1(Ω), i.e.,
lim
T1,...,Tk→∞
∫
Ω
|hT (p)|dη(p) = 0.
Proof. To prove (1), let YT := {p ∈ Ω | σ(p, T ) ∩N 6= ∅} and note that hT (p) =
(T1 · · ·Tk)−1
∫
σ(p,T )
∫
N
L(x, y) is defined and varies continuously on the dense open
set Ω \ YT , where the compact sets σ(p, T ) and N are disjoint. Then since YT has
measure zero, hT is measurable in Ω.
To show that hT is integrable and that the limit converges to zero, we parametrize
σ(p, T ) by setting
T i = [0, T1]× · · · [̂0, Ti] · · · × [0, Tk]
and
∂iδT = [0, T1]× · · · × {tiδ} × · · · × [0, Tk]
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where ti0 = 0 and ti1 = Ti are the extremities of the interval [0, Ti]. Then ∂T =
∪ki=1 ∪
1
δ=0 ∂iδT and
Φ(∂T, p) = ∪ki=1 ∪
1
δ=0 Φ(∂iδT, p),
so
σ(p, T ) = ∪ki=1 ∪
1
δ=0 σiδ(p, T ),(25)
where σiδ(p, T ) is the cone with base Φ(∂iδT, p) and apex p˜. It suffices to prove the
proposition using each σiδ(p, T ) in place of their union σ(p, T ).
Parametrize σiδ(p, T ) by
σp(r, t
i) = (1− r)Φ(tiδ , p) + rp˜, (r, ti) ∈ [0, 1]× ∂iδT,(26)
where ti = (t1, . . . , ti−1, ti+1, . . . , tk) and t
iδ = (t1, . . . , ti−1, tiδ, ti+1, . . . , tk). Then
∂σp
∂r (r, t
i) = p˜− Φ(tiδ, p) and
∂σp
∂tj
(r, ti) = (1− r)X i(Φ(tiδ , p)),
where X i = X1 ∧ · · · X̂i · · · ∧Xk.
Hence, setting |T | = T1 · · ·Tk and hiδT (p) =
1
|T |
∫
x∈σiδ(p,T )
∫
y∈N
L(x, y), where
L(x, y) is the linking form (24), we have
|hiδT (p)| ≤
1
|T |
∫
x∈σiδ(p,T )
∫
y∈N
|L(x, y)|
=
1
|T |
∫
r∈[0,1]
∫
ti∈T i
∫
y∈N
L˜(r, ti, y, p)drdtidη(y)(27)
where
L˜(r, ti, y, p) =
∣∣[(y − σp(r, ti))× ∂σp∂r∂ti (r, ti)] · U(y)∣∣
||y − σp(r, ti)||n
,(28)
∂σp
∂r∂ti
(r, ti) =
∂σp
∂r
∧
∂σp
∂t1
∧ · · ·
∂̂σp
∂ti
· · · ∧
∂σp
∂tk
,
U(y) is the unit ℓ-vector in ∧ℓ(Ty(N)), and dη(y) is the volume measure on N .
Lemma 5. There exists a constant Wi > 0 such that for all t
i ∈ T i and y ∈ N∫
r∈[0,1]
∫
p∈Ω
L˜(r, ti, y, p)drdλ(p) ≤Wi
where dλ(p) is the euclidean measure on Ω.
This lemma will be proven at the end of this section. We use it now to show
that hiδT ∈ L
1(Ω). In fact, by (27),∫
p∈Ω
|hiδT (p)| ≤
1
|T |
∫
p∈Ω
[ ∫
r∈[0,1]
∫
ti∈T i
∫
y∈N
L˜(r, ti, y, p)drdtidη(y)
]
dλ(p)
=
1
|T |
∫
ti∈T i
∫
y∈N
[ ∫
r∈[0,1]
∫
p∈Ω
L˜(r, ti, y, p)drdλ(p)
]
dtidη(y)
≤
Wi
|T |
[ ∫
ti∈T i
dti
][ ∫
y∈N
dη(y)
]
=
WiVol(N)T1 · · · T̂i · · ·Tk
|T |
=
WiVol(N)
Ti
.
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so hiδT ∈ L
1(Ω) and limT→∞
∫
p∈Ω
|hT (p)|dλ(p) = 0. 
Proof of Lemma 5. Using σp(r, t
i) and its derivatives,
∂σp
∂r∂ti
(r, ti) =
∂σp
∂r
∧
∂σp
∂t1
∧ · · ·
∂̂σp
∂ti
· · · ∧
∂σp
∂tk
= (1− r)k−1[Φ(tiδ , p)− p˜] ∧X1(Φ(t
iδ , p)) ∧ · · · ̂Xi(Φ(tiδ , p)) · · · ∧Xk(Φ(tiδ , p))
= (1− r)k−1[Φ(tiδ, p)− p˜] ∧X i(Φ(tiδ , p))
where X i = X1 ∧ · · · X̂i · · · ∧ Xk. Note that (1 − r)k−1 ≤ 1, |Φ(tiδ, p) − p˜| is less
than or equal to the diameter D of Ω, there is a constant B such that ||X i(p)|| ≤ B
for all p ∈ Ω, and ||U(y)|| = 1, so by (28) we have
L˜(r, ti, y, p) ≤
|| ∂σp∂r∂ti (r, t
i)|| ||U(y)||
||σp(r, ti)− y||n−1
≤
(1− r)k−1||Φ(tiδ, p)− p˜|| ||X i(Φ(tiδ, p))|| ||U(y)||)
||σp(r, ti)− y||n−1
≤
DB
||(1− r)Φ(tiδ , p) + rp˜− y||n−1
.
Thus ∫
r∈[0,1]
∫
p∈Ω
L˜(r, ti, y, p)drdλ(p)
≤
∫
r∈[0,1]
∫
p∈Ω
DB
||(1− r)Φ(tiδ , p) + rp˜− y||n−1
drdλ(p).(29)
Now for p˜ /∈ N there exists ǫ > 0 such that for all y ∈ N and r ∈ [1− ǫ, 1]
||(1− r)Φ(tiδ , p) + rp˜− y|| ≥ d/2,
where d is the distance from p˜ to N . Then∫
r∈[1−ǫ,1]
∫
p∈Ω
DB
||(1− r)Φ(tiδ , p) + rp˜− y||n−1
drdλ(p)
≤
∫
r∈[1−ǫ,1]
∫
p∈Ω
DB
(d/2)n−1
drdλ(p) =
2n−1DBǫ
dn−1
.
On the other hand, for r ∈ [0, 1 − ǫ], Φ(tiδ , ·) = Φtiδ is a volume-preserving
diffeomorphism of Ω, so we can make the substitution p′ = Φ(tiδ, p) and get∫
r∈[0,1−ǫ]
∫
p∈Ω
DB
||(1 − r)Φ(tiδ , p) + rp˜− y||n−1
drdλ(p)
=
∫
r∈[0,1−ǫ]
∫
p′∈Ω
DB
||(1− r)p′ + rp˜− y||n−1
drdλ(p′).
Now for each r we let pr = (1− r)p′ + rp˜. Then dλ(pr) = (1 − r)ndλ(p′) and Ω is
replaced by by Ωr ⊂ Ω (a contraction moving towards p˜), so∫
r∈[0,1−ǫ]
∫
p′∈Ω
DB
||(1− r)p′ + rp˜− y||n−1
drdλ(p′)
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=
∫
r∈[0,1−ǫ]
1
(1 − r)n
∫
pr∈Ωr
DB
||pr − y||n−1
drdλ(pr)
≤
∫
r∈[0,1−ǫ]
1
ǫn
∫
pr∈Ω
DB
||pr − y||n−1
drdλ(pr)
≤
∫
r∈[0,1−ǫ]
DBΓ
ǫn
dr =
DBΓ(1 − ǫ)
ǫn
since 1−r ≥ ǫ and Ωr ⊂ Ω, by the following lemma, which holds since the singularity
at q has order n− 1, and that is less than the dimension n.
Lemma 6. There is a constant Γ such that the function
g(q) =
∫
Ω\{q}
1
||p− q||n−1
dλ(p)
satisfies |g(q)| ≤ Γ for all q ∈ Ω.

Combining the last two results with (29), we get∫
r∈[0,1]
∫
p∈Ω
L˜(r, ti, y, p)drdλ(p) ≤
2n−1DBǫ
dn−1
+
DBΓ(1− ǫ)
ǫn
=:Wi.

Since θΦ(p, T ) and N are disjoint for almost all (p, T ) ∈ Ω × Tk, the linking
number lk(θΦ(p, T ), N) is defined on an open dense set. Then we have
Proposition 5. The limit
l˜kΦ,N (p) = lim
T1,...,Tk→∞
1
T1 . . . Tk
lk(θΦ(p, T ), N)
exists as an integrable L1-function on Ω and does not depend on the choice of the
point p˜ ∈ Ω \N .
Proof.
lk(θΦ(p, T ), N) =
∫
Φ(T,p)
∫
N
L+
∫
σ(p,T )
∫
N
L.(30)
By Proposition 4,
lim
T→∞
1
T1 · · ·Tk
∫
σ(p,T )
∫
N
L = 0.(31)
Let
g(p) =
(−1)k
an
∫
y∈N
(y − p)×X(p) · U(y)
||y − p||n
dη(y)
where U is the positive unit ℓ-form on N . The function g is smooth on Ω\N . Then
|g(p)| ≤
1
an
∫
y∈N
||y − p|| ||X(p)|| ||U(y)||
||y − p||n
dη(y).
Let K be an upper bound for ||X(p)||, p ∈ Ω. Since ||U(y)|| = 1,
|g(p)| ≤
K
an
∫
y∈N
1
||y − p||n−1
dη(y).
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By Fubini’s Theorem∫
p∈Ω
|g(p)|dλ(p) ≤
K
an
∫
y∈N
∫
p∈Ω
1
||y − p||n−1
dλ(p)dη(y)
≤
KΓ
an
∫
N
dη =
KΓV ol(N)
an
so g ∈ L1(Ω). On the other hand, note that∫
x∈Φ(T,p)
∫
y∈N
L(x, y) =
=
∫ T1
0
· · ·
∫ Tk
0
∫
y∈N
(y − Φ(t, p))×X(Φ(t, p)) · U(y)
||y − Φ(t, p)||n
dη(y)dt
=
∫ T1
0
· · ·
∫ Tk
0
g(Φ(t, p))dt.
Thus, by (30), (31), and the Ergodic Theorem, since g ∈ L1(Ω), the limit
lim
T→∞
1
T1 · · ·Tk
lk(θΦ(p, T ), N) = lim
T→∞
1
T1 · · ·Tk
∫ T1
0
· · ·
∫ Tk
0
g(Φ(t, p))dt
exists and defines an L1 function l˜kΦ,N (p) on Ω that satisfies∫
p∈Ω
l˜kΦ,N (p)dλ(p) =
∫
p∈Ω
g(p)dλ(p)
and does not depend on the choice of p˜. 
Then we define the asymptotic linking invariant to be lk(Φ, N) =
∫
Ω l˜kΦ,N (p) dη
and prove Theorem 4, which states that lk(Φ, N) = I(Φ, N).
Proof of Theorem 4.
lk(Φ, N) =
∫
p∈Ω
l˜kΦ,N (p)dλ(p) =
∫
p∈Ω
g(p)dλ(p)
=
∫
p∈Ω
(−1)k
an
∫
y∈N
(y − p)×X(p) · U(y)
||y − p||n
dη(y)dλ(p)
=
∫
y∈N
[ (−1)k
an
∫
p∈Ω
(y − p)×X(p)
||y − p||n
dλ(p)
]
· U(y)dη(y)
by Fubini’s Theorem, so by (16) and the definition of the isomorphism j (BUT
THE SIGN IS WRONG!)
lk(Φ, N) =
∫
N
BS(X) · Udη =
∫
N
jBS(X)(U)dη.
Then since U is a unit ℓ-vector and dη is a unit ℓ-form, Lemma 4 shows that
lk(Φ, N) =
∫
N
jBS(X) = I(Φ, N). 
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9. Asymptotic linking of two actions
In this section, we assume that M = Rn, so Ω is a compact convex region with
smooth boundary in Rn and consider volume-preserving actions Φ and Ψ of Rk and
Rℓ that are tangent to the boundary on Ω, k + ℓ = n − 1, as in §2. Recall that
D(Φ,Ψ) ⊂ Ω × Tk × Ω × Tℓ is the dense open set of points (p, T, q, S) for which
θΦ(p, T ) and θΨ(q, S)) are disjoint.
Proposition 6. The following conditions are satisfied:
(1) The functions (p, T ) 7→ θΦ(p, T ) and (q, S) 7→ θΨ(q, S) are continuous func-
tions on Ω×Rk. Furthermore, the function
∫
θΦ(p,T )
∫
θΨ(q,S)
L(p, q) is con-
tinuous on D(Φ,Ψ) and therefore measurable.
(2) The limits
lim
T,S→∞
1
λk(T )λℓ(S)
∫
p∈Ω
∫
q∈Ω
{∫
Ap
∫
Bq
L(p, q)
}
dpdq = 0,(32)
where we set (Ap, Bq) equal to (Φ(T, p), σ
′(q, S)), (σ(p, T ),Ψ(S, q)), and
(σ(p, T ), σ′(q, S)), exist, and all three limits are zero.
Proof. (1) Since the actions are continuous and line segments depend continuously
on their extremities, it is clear that the functions (p, T ) 7→ θΦ(p, T ) and (q, S) 7→
θΨ(q, S) are continuous, and so the function
∫
θΦ(p,T )
∫
θΨ(q,S)
L(p, q) is continuous
and measurable on the dense open set D(Φ,Ψ).
Proof of (2). As before, T, S → ∞ means that min(T1, . . . , Tk, S1, . . . , Sℓ) →
∞. When the compact sets Ap and Bq are disjoint, it is clear that the inte-
gral
∫
Ap
∫
Bq
L(p, q) converges, but it is not evident that the integral in (32) con-
verges, although the integrand is measurable. First, consider Ap = Φ(T, p) and
Bq = σ
′(q, S). We decompose σ′(q, S) = ∪σ′jε(q, S) analogous to the decomposi-
tion (25) of σ(p, T ) with the parametrization (26). Let sj0 = 0 and sj1 = Sj be
the extremities of the interval [0, Sj]. Note that Ψ(∂S, q) is the union of 2ℓ sets,
Ψ(∂S, q) = ∪ℓj=1 ∪
1
ε=0 Ψ(∂jεS, q), ε ∈ {0, 1}, where
∂jεS = [0, S1],× · · · × {sjε} × · · · × [0, Sℓ],
so the singular submanifold
σ′(q, S) = ∪ℓj=1 ∪
1
ε=0 σ
′
jε(q, S)(33)
where σ′jε(q, S) is the cone joining Ψ(∂jεS, q) to the vertex q˜. We shall prove the
Proposition for B = σ′jε(q, S) instead of σ
′(q, S); then the same proof works for the
other components of σ′(q, S).
Let Sj = [0, S1],× . . . [̂0, Sj] · · · × [0, Sℓ]. To each point
sj = (s1, . . . , sj−1, sj+1, . . . , sℓ) ∈ S
j
we naturally associate the point sjε = (s1, . . . , sj−1, sjε, sj+1, . . . , sℓ) ∈ ∂jεS. We
use the parametrizations xp(t) = Φ(t, p), t ∈ T, of Φ(T, p) and
yq(u, s
j) = (1− u)Ψ(sjε, q) + uq˜, (u, sj) ∈ [0, 1]× Sj ,
of σ′jε(q, S). Note that
∂xp
∂ti
= Xi,
∂yq
∂sj = (1 − u)Yj and
∂yq
∂u = q˜ − Ψ(s
jε, q). Since
Ω is compact, there is a constant C that is a common upper bound for ||X(p)|| =
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||X1∧· · ·∧Xk(p)||, |Y j(q)|| = ||Y1∧. . . Ŷj · · ·∧Yℓ(q)|| and for |q̂−Ψ(sjε, q)|, p, q ∈ Ω.
Recall that for multivectors ||(u × v) · w|| ≤ ||u|| ||v|| ||w||. Then∣∣∣ ∫
Ap
∫
B
L(p, q)
∣∣∣ = ∣∣∣ ∫
Φ(T,p)
∫
σ′jε(q,S)
L
∣∣∣
≤
∫
Φ(T,p)
∫
σ′jε(q,S)
|L|,
but using (24), dη(x) = dλ(t), and dη′(y) = (q˜ −Ψ(sjε, q))dλ(sj)du,
|L| ≤
1
an
||xp(t)− yq(u, sj)|| ||X(Φ(t, p)|| ||Y j(yq(u, sj))||
||xp(t)− yq(u, sj)||n
dη′(y)dη(x)
≤ C′
∫ 1
0
1
||xp(t)− yq(u, sj)||n−1
dλ(sj)dudλ(t),
where C′ = C3/an, so
∣∣∣ ∫
Ap
∫
B
L
∣∣∣ ≤ C′ ∫
T
∫ 1
0
∫
Sj
1
||xp(t)− yq(u, sj)||n−1
dλ(sj)dudλ(t).
Integrating |
∫
Ap
∫
B L| on Ω× Ω we have∫
p∈Ω
∫
q∈Ω
∣∣∣ ∫
Ap
∫
B
L
∣∣∣dλ(p)dλ(q)
≤ C′
∫
p∈Ω
∫
q∈Ω
∫
T
∫ 1
0
∫
Sj
1
||xp(t)− yq(u, sj)||n−1
dλ(sj)dudλ(t)dλ(p)dλ(q)
≤ C′
∫
T
∫ 1
0
∫
Sj
∫
q∈Ω
[ ∫
p∈Ω
1
||Φ(t, p)− yq(h, sj)||n−1
dλ(p)
]
dλ(q)dλ(sj)dudλ(t)
by Fubini’s Theorem, since we shall see that the last integral converges.
Since the action Φt preserves the volume, if we set Φ(t, p) = p
′, the measure
dλ(p′) coincides with dλ(p), and the last integral becomes
C′
∫
T
∫ 1
0
∫
Sj
∫
q∈Ω
[ ∫
p∈Ω
1
||p′ − yq(u, sj)||n−1
dλ(p′)
]
dλ(q)dλ(sj)dudλ(t).(34)
Lemma 6 shows that this integral coverges. Then, working backwards, it follows
that all the previous integrals in this proof also converge. The integral (34) is less
than or equal to
C′
∫
T
∫ 1
0
∫
Sj
∫
q∈Ω
Γdλ(q)dλ(sj)dudλ(t) ≤ C′ΓV ol(Ω)V ol(T )V ol([0, 1])V ol(Sj)
= C′ΓV ol(Ω)T1 . . . TkS1 . . . Ŝj . . . Sℓ.
In the limit we have
0 ≤ lim
T,S→∞
1
T1 . . . TkS1 . . . Sℓ
∫
p∈Ω
∫
q∈Ω
∣∣∣ ∫
Ap
∫
B
L
∣∣∣|dλ(p)dλ(q)
≤ lim
T1,...,Tk,S1,...,Sℓ→∞
C′ΓV ol(Ω)
Sj
= 0,
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so (32) holds for Ap = Φ(T, p) and Bq = B = σ
′
jε(q, S). Thus the limit vanishes for
Φ(T, p) and σ′(q, S) and similarly for the case Ap = σ(p, T ) and Bq = Ψ(S, q).
For the case when Ap = σ(p, T ) and Bq = σ
′(q, S), we use the decompositions
(25) of σ(p, T ) and (33) of σ′(q, S) and the parametrizations
xp = σp(r, t
i) = (1− r)Φ(tiδ , p) + rp˜, (r, ti) ∈ [0, 1]× T,
and
yq = σ
′
q(u, s
j) = (1− u)Φ(tjε, q) + uq˜, (u, sj) ∈ [0, 1]× T,
of σiδ(p, T ) and σ
′
jε(q, S), with t
i, tiδ, sj and sjε as before. Then we have
|L(xp, yq)| ≤
1
an
||xp − yq|| ||X(xp)|| ||Y j(yq)||
||xp − yq||n
dη′(yq)dη(xp)
≤
C
||xp − yq||n−1
dλ(sj)dudλ(t),
where Can is an upper bound for |X(p)| |Y (q)|.
It suffices to show that the limit of
L =
1
|S| |T |
∫
p∈Ω
∫
q∈Ω
∫
xp∈σiδ(p,T )
∫
yq∈σ′jε(q,S)
C
||xp − yq||n−1
dλ(sj)dudλ(t)dpdq
converges to zero as S, T →∞. We shall do this in three cases.
Case 1. r, u ∈ [1 − ǫ, 1], where ǫ > 0 is such that ||yq − xp|| ≥ d/2 when
u, r ∈ [1− ǫ, 1] and d is the distance from p˜ to q˜. Such an ǫ exists since xp → p˜ and
yq → q˜ as r, u→ 1. In this case
C
||xp − yq||n−1
≤
(2
d
)n−1
,
the volume D of Ω is finite, |T |−1Vol(σiδ(p, T )) ≤ 1/Ti, and |S|
−1Vol(σ′jε(q, S)) ≤
1/Sj so the limit of L is zero.
Case 2. r ∈ [0, 1− ǫ].
L′ =
∫
p∈Ω
∫
q∈Ω
∫
yq∈σ′jε(q,S)
∫
xp∈σiδ(p,T )
1
||xp − yq||n−1
dyqdrdt
idpdq
=
∫ ∫ ∫ ∫
ti∈T i
∫ 1−ǫ
r=0
1
||(1− r)Φ(tiδ , p) + rp˜− yq||n−1
dyqdudt
idpdq
Then Φ(tiδ, ·) = Φtiδ is a volume-preserving diffeomorphism of Ω, so we can
make the substitution p′ = Φ(tiδ, p) and get
L′ =
∫ ∫ ∫ ∫
r∈[0,1−ǫ]
∫
p∈Ω
1
||(1 − r)Φ(tiδ , p) + rp˜− yq||n−1
dyqdt
idλ(p)dqdrdti
=
∫ ∫ ∫ ∫
r∈[0,1−ǫ]
∫
p′∈Ω
1
||(1− r)p′ + rp˜− yq||n−1
dyqdt
idλ(p′)dqdrdti.
For each r we let pr = (1 − r)p′ + rp˜. Then dλ(pr) = (1 − r)ndλ(p′) and Ω is
replaced by by Ωr ⊂ Ω (a contraction moving towards p˜), so
L′ =
∫ ∫ ∫ ∫
r∈[0,1−ǫ]
1
(1− r)n
∫
pr∈Ωr
1
||pr − y||n−1
drdλ(pr)
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≤
∫
r∈[0,1−ǫ]
1
ǫn
∫
pr∈Ω
1
||pr − y||n−1
drdλ(pr)
≤
∫
r∈[0,1−ǫ]
Γ
ǫn
dr =
Γ(1− ǫ)
ǫn
by Lemma 6, since 1 − r ≥ ǫ and Ωr ⊂ Ω. Now the volume of Ω is finite,
Vol(σiδ(p, T )) ≤ |T |/T
i, and Vol(σ′jε(q, S)) ≤ |S|/S
j, so it follows that limS,T→∞ L =
0.
Case 3. u ∈ [0, 1 − ǫ]. This case is exactly parallel to Case 2, with p and q
interchanged, so it is omitted. There is an overlap in the three cases, but all values
of (r, u) ∈ [0, 1]× [0, 1] are covered. 
Then for almost all (p, T ) ∈ Ω × Tk and (q, S) ∈ Ω × Tℓ, θΦ(p, T ) and θ′Ψ(q, S)
are disjoint and the linking number lk(θΦ(p, T ), θ
′
Ψ(q, S)) is defined.
Proposition 7. The limit
l˜k(p, q) = lim
T1,...,Tk,S1,...,Sℓ→∞
1
T1 . . . TkS1 . . . Sℓ
lk(θΦ(p, T ), θ
′
Ψ(q, S))(35)
exists as an integrable L1-function on Ω× Ω and does not depend on the choice of
the points p˜ and q˜.
Proof. Calculating the linking number using the linking form (24), it suffices to
integrate over the sets Φ(p, T ) and Ψ(q, S), since by Proposition 6 the limits of the
integrals over the other three sets vanish, i.e.,
lim
T,S→∞
1
λk(T )λℓ(S)
lk(θΦ(p, T ), θ
′
Ψ(q, S)) =
lim
T,S→∞
1
λk(T )λℓ(S)
∫
Φ(T,p)
∫
Ψ(S,q))
L.(36)
As before, X = X1∧ · · · ∧Xk and Y = Y1 ∧ · · · ∧Yℓ are the exterior products of the
vector fields that generate the actions of Φ and Ψ, respectively. Define the function
f : Ω× Ω→ R by
(37) f(p, q) :=
(−1)k[(q − p)×X(p)] · Y (q)
an||q − p||n
.
For every (p, q) we have
|f(p, q)| ≤
||X(p)|| ||Y (q)||
an||q − p||n−1
≤
K
an||q − p||n−1
(38)
where K is an upper bound for ||X(p)|| ||Y (q)||, p, q ∈ Ω. Now, by Lemma 6,
g(p, q) = 1/||q − p||n−1 is an integrable function in Ω× Ω, since∫ ∫
(p,q)∈Ω×Ω
g(p, q)dλ(p)dλ(q) =
∫
p∈Ω
[∫
q∈Ω
1
||q − p||n−1
dλ(q)
]
dλ(p)
≤
∫
p∈Ω
Γdλ(p) = ΓVol(Ω).
Then by (38) we get
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∫ ∫
(p,q)∈Ω×Ω
|f(p, q)|dλ(p)dλ(q) ≤
ΓKVol(Ω)
an
so f ∈ L1(Ω× Ω).
To calculate
∫
Φ(T,p)
∫
Ψ(S,q)) L we use the natural parametrizations p¯ = xp(t) =
Φt(p) = Φ(t, p) and q¯ = yq(s) = Ψs(q) = Ψ(s, q) induced by the actions Φ and
Ψ on Φ(T, p) and Ψ(S, q). Then
∂xp
∂ti
(t) = Xi(Φt(p)), i = 1, . . . , k, and
∂yq
∂sj
(s) =
Yj(Ψs(q)), j = 1, . . . , ℓ. Let
∂xp
∂t =
∂xp
∂t1
∧· · ·∧ ∂xp∂tk (t) and
∂yq
∂s (s) =
∂yq
∂s1
∧· · ·∧ ∂yq∂sℓ (s),
so
∂xp
∂t
(t) = X1 ∧ · · · ∧Xk(Φt(p)) = X(Φt(p))
and
∂yq
∂s
(s) = Y1 ∧ · · · ∧ Yℓ(Ψs(q) = Y (Ψs(q)).
Let U(p¯) and U ′(q¯) denote the unit k- and ℓ-vectors at p¯ ∈ Φ(T, p) and q¯ ∈ Ψ(S, q),
respectively. Then by (24)
(−1)kan
∫
Φ(T,p)
∫
Ψ(S,q))
L=
∫
p¯∈Φ(T,p)
∫
q¯∈Ψ(S,q)
[(q¯ − p¯)× U(p¯)] · U ′(q¯)
||q¯ − p¯||n
dη(p¯)dη(q¯)
=
∫
t∈T
( ∫
s∈S
[(yq(s)− xp(t)) × U(xp(t))] · U
′(yq(s))
||yq(s)− xp(t)||n
||
∂yq
∂s
(s)||ds
)
||
∂xp
∂t
(t)||dt
=
∫
T
∫
S
[(Ψs(q)− Φt(p))× (||X(Φt(p))||U(Φt(p))] · (||Y (Ψs(q))||U ′(Ψs(q))
||Ψs(q)− Φt(p)||n
dsdt
=
∫
t∈T
∫
s∈S
[(Ψs(q)− Φt(p))×X(Φt(p))] · Y (Ψs(q))
||Ψs(q)− Φt(p)||n
dsdt
=
∫
t∈T
∫
s∈S
f(Φt(p),Ψs(q))dsdt
=
∫
t∈T
∫
s∈S
f(Θ(t,s)(p, q))ds1 . . . dsℓdt1 . . . dtk
=
∫ T1
0
· · ·
∫ Tk
1
∫ S1
0
· · ·
∫ S1
0
· · ·
∫ Sℓ
0
f(Θt1,...,tk,s1,...,sℓ(p, q))ds1 . . . dsℓdt1 . . . dtk,
where Θ = Φ × Ψ is the product action of Rk+ℓ in Ω × Ω defined by setting
Θ(t,s)(p, q) = (Φt(p),Ψs(q)). Then the Ergodic Theorem, Theorem 5, applied to
the action Θ, shows that the limit
lim
T1,...Tk,S1,...Sℓ→∞
1
T1 . . . TkS1 . . . Sℓ
∫
Φ(T,p)
∫
Ψ(S,q))
L
converges and defines a function l˜k ∈ L1(Ω× Ω),
l˜k(p, q) = limT1,...Tk,S1,...Sℓ→∞
1
T1...TkS1...Sℓ
∫
Φ(T,p)
∫
Ψ(S,q))
L
= lim
T,S→∞
1
λ(T )λ(S)
∫ T1
0
. . .
∫ Tk
1
∫ S1
0
· · ·
∫ S1
0
· · ·
∫ Sℓ
0
f(Θ(t,s)(p, q))dt1 . . . dtkds1 . . . dsℓ
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so we get∫ ∫
(p,q)∈Ω×Ω
l˜k(p, q)dp× dq =
∫ ∫
(p,q)∈Ω×Ω
f(p, q)dp× dq.
Then (36) shows that this function satisfies (35). Clearly it does not depend on the
choices of p˜ and q˜. 
As a consequence of this Proposition, we can define the asymptotic linking in-
variant to be
lk(Φ,Ψ) =
∫
p∈Ω
∫
q∈Ω
l˜k(p, q)dη(p)dη(q),
and then Theorem 2 states that lk(Φ,Ψ) = I(Φ,Ψ).
Proof of Theorem 2. With the volume forms ω, dη(p), and dη(q) on Ω, we have
lk(Φ,Ψ) =
∫
Ω×Ω
l˜k(p, q)dη(p)dη(q) =
∫
Ω×Ω
f(p, q)dη(p)dη(q)
=
(−1)k
an
∫
p∈Ω
∫
q∈Ω
[ q − p
||q − p||n
×X(p)
]
· Y (q)dη(p)dη(q) by (37)
=
∫
q∈Ω
[ (−1)k
an
∫
p∈Ω
q − p
||q − p||n
×X(p)dη(p)
]
· Y (q)dη(q)
by Fubini’s Theorem, and then, by the Biot-Savart formula (16), the definition of
j, (11), and Corollary 2, this is equal to (BUT THE SIGN IS WRONG!)∫
Ω
(BS(X) · Y )ω =
∫
Ω
jBS(X)(Y )ω
=
∫
Ω
jBS(X) ∧ iY ω =
∫
Ω
jBS(X) ∧ dβ = I(Φ,Ψ).

10. A lower bound for the energy of an action
We remark that in the case when Φ = Ψ and n = 2k+1, the invariant lk(Φ,Φ) =
I(Φ,Φ) is a lower bound for the energy of the generating k-vector X .
Definition 2. Let Φ be a conservative k-action on Ω and let X be the k-vector
field that generates Φ. The energy of the k-action Φ is defined to be the value of
the integral
E(Φ) = ||X ||2 =
∫
p∈Ω
X(p) ·X(p)dλ(p) =
∫
p∈Ω
||X(p)||2dλ(p).
Note that we can decrease the energy of Φ by conjugating Φ by volume-preserving
diffeomorphisms. Can we make it arbitrarily close to zero? The following result
gives a negative answer to this question.
Theorem 7. There exists a constant C > 0 depending only on Ω such that
C−1|lk(Φ,Φ)| ≤ E(Φ).
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Proof. By Corollary 2, (7), and the definition of j,
lk(Φ,Φ) =
∫
Ω
jBS(X) ∧ dα =
∫
Ω
jBS(X) ∧ iXdλ
=
∫
Ω
jBS(X)(X)dα =
∫
Ω
BS(X) ·Xdλ.
By the Cauchy-Schwarz inequality
|lk(Φ,Φ)| = | <BS(X), X> | ≤ ||BS(X)|| ||X ||.(39)
Furthermore
BS(X)(p) =
∫
q∈Ω
(p− q)×X(q)
||p− q||2k+1
dλ(q)
so
||BS(X)(p)|| ≤
∫
q∈Ω
||(p− q)×X(q)||
||p− q||2k+1
dλ(q)
≤
∫
q∈Ω
(||X(q)||
||p− q||2k
dλ(q))
=
∫
q∈Ω
[ ||X(q)||
||p− q||k
][ 1
||p− q||k
]
dλ(q))
≤
[ ∫
q∈Ω
||X(q)||2
||p− q||2k
dλ(q)
]1/2[ ∫
q∈Ω
1
||p− q||2k
λ(q)
]1/2
by the Holder inequality. Then by Lemma 6 with n = 2k + 1
||BS(X)(p)|| ≤ Γ1/2
∫
q∈Ω
[ ||X(q)||2
||p− q||2k
dλ(q)
]1/2
.(40)
Therefore
||BS(X)||2 =
∫
p∈Ω
BS(X)(p) · BS(X)(p)dλ(p)
=
∫
p∈Ω
||BS(X)(p)||2dλ(p)
≤ Γ
∫
p∈Ω
[ ∫
q∈Ω
||X(q)||2
||p− q||2
dλ(q)
]
dλ(p) by (40)
= Γ
∫
q∈Ω
||X(q)||2
[ ∫
p∈Ω
1
||p− q||2
dλ(p)
]
dλ(q) by Fubini’s Theorem
≤ Γ2
∫
q∈Ω
||X(q)||2dλ(q)
by Lemma 6. Thus
||BS(X)|| ≤ (Γ2)1/2
) ∫
q∈Ω
||X(q)||2dλ(q)
)1/2
= Γ||X ||.
Substituting this inequality in (39) we get
|lk(Φ,Φ)| ≤ ||BS(X)|| ||X || ≤ Γ||X ||2| = ΓE(Φ).(41)
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We can decrease the energy of Φ by volume-preserving diffeomorphisms, but
these diffeomorphisms do not change the value of the asymptotic linking number
lk(Φ,Φ), so by (41) Γ−1lk(Φ,Φ) is the desired lower bound for the energy of Φ. 
11. Examples
Example 1. For every pair of integers k, ℓ ≥ 1, k + ℓ + 1 = n, and every t ∈ R,
there are conservative actions Φ of Rk and Ψ of Rℓ on the unit closed ball Dn ⊂ Rn
such that lk(Φ,Ψ) = I(Φ,Ψ) = t.
The construction uses several lemmas.
Lemma 7. Given disjoint smooth embeddings of closed oriented manifolds M,N , of
dimensions k and ℓ in Rn, there exist disjoint smooth embeddings M×S1, N ⊂ Rn+1
such that lk(M × S1, N) = lk(M,N). The same holds if N is an affine ℓ-space
disjoint from M .
Proof. Given M and N , by a translation we may assume that their images lie
in the positive half space x1 > 0 ⊂ Rn ⊂ Rn+1. Let P be the (n − 1)-plane in
Rn perpendicular to the x1-axis, and rotate M around P to get M × S1 ⊂ Rn+1.
Clearly M × S1 is disjoint from N . If we let Σ ⊂ Rn be a compact singular
(k + 1)-manifold tranverse to N such that ∂Σ = M , then lk(M,N) = Int(Σ, N).
By rotating Σ around P we obtain Σ × S1, whose boundary is M × S1. Then
Int(Σ× S1, N) = Int(Σ, N), and therefore the linking number is the same.
In case N is an affine ℓ-plane a similar argument works, taking P to be an affine
plane parallel to N . 
Lemma 8. There exist disjoint embeddings of T k ×Dℓ+1 and T ℓ ×Dk+1 in Dn,
where T k and T ℓ are tori of dimensions k and ℓ, such that lk(Tk× 0,Tℓ× 0) = 1.
Proof. Begin with disjoint smooth embeddings of two circles M and N in R3 such
that lk(M,N) = 1. Applying Lemma 7 repeatedly, switching the roles ofM and N ,
gives disjoint embeddings of T k and T ℓ in Rn with intersection number 1. Since the
normal bundles are trivial we can extend the embeddings to disjoint embeddings of
T k ×Dℓ+1 and T ℓ × k + 1. then a homothety will move these sets into Dn. 
Lemma 9. Let T r act on T r × Ds by the product action on the first factor and
identity on the second factor. For any smooth volume form ω on T r × Ds there
is a smooth isotopy ht of T
r × Ds taking each factor T r × {y} to itself such that
h0 = id and h
∗
1(ω) is T
r-invariant.
Proof. Here we need a slightly modified form of Moser’s Theorem [11] acting on
each orbit. We use the standard coordinates (x, y) = (x1, . . . , xk, y1, . . . , ys) and the
standard Euclidean volume form ω∗ = dx∧dy on T r×Ds to simplify the notation.
Let f0 : T
r × Ds → R be the (unique) non-vanishing smooth function such that
ω = f0ω
∗ and define f1 : D
s → R by setting f1(y) =
∫
Tk×{y} f0(x, y)dx. Note
that α∗y = f0(y)dx is T
k-invariant. Now the volume forms αy = f1(x, y)dx and
α∗y have the same integral
∫
Tk αydx =
∫
Tk α
∗
ydx, so there exists a smooth function
f : T r ×Ds → R such that α = fα∗ and we can apply Moser’s proof [11] on each
factor T k × {y}. Following Moser, we may suppose that there is a positive ǫ such
that |f(y) − 1| < ǫ for every y by expressing any positive function f as a sum of
functions close to 1. We use the same cover of T k by open cubes U0, U1, . . . , Um and
the same functions ηi(k = 1, . . . ,m), independent of y. Then it is straightorward to
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check that Moser’s isotopies of each T k ×{y} fit together to give a smooth isotopy
of T r×Ds transforming each αy into α∗y . This isotopy also transforms ω into f1ω∗,
which is invariant under the action of T k. 
Construction of the Example. Take W = T k ×Dℓ+1 ⊔ T ℓ ×Dk+1 embedded
in Dn by Lemma 8, where k + ℓ + 1 = n. The compact Lie groups T k and T ℓ act
on W , T k acting on T k × Dℓ+1 by multiplication on the first factor and trivially
on T ℓ ×Dk+1, and analogously for the action of T ℓ.
By Lemma 9, we may conjugate the action of T k on T k ×Dℓ+1 by a diffeomor-
phism isotopic to the identity so that it preserves the Euclidean volume form, and
similarly for the action of T ℓ. Lift the actions of T k and T ℓ to volume preserving
actions φ : Rk× (T k×Dℓ+1)→ T k×Dℓ+1 and ψ : Rℓ× (T ℓ×Dk+1)→ T ℓ×Dk+1.
Let Wǫ = T
k×Dℓ+10 ∪T
ℓ×Dk+10 be a smaller invariant neighborhood of T
k∪T ℓ
and let λ : W → [0, 1] be constant on the orbits with the values 1 on Wǫ and 0 on
Dn\W . Then let Φ(t, z) = φ(λ(z)t, z) for z in the ǫ-neighborhood of T k×Dℓ+1 and
identity elsewhere, while Ψ(t, z) = ψ(λ(z)t, z) on the ǫ-neighborhood of T ℓ×Dk+1
and identity elsewhere. Thus Φ and Ψ are commuting conservative actions of Rk
and Rℓ on Dn. The linking number of the orbits T k × {y} and T ℓ × {z} are
lk(Tk × y,Tℓ × z) = 1 for y ∈ Dℓ+10 and z ∈ D
k+1
0 .
Now it is easy to check that the linking number lk(Φ,Ψ) > 0 since for points
p ∈ Dℓ+10 and q ∈ D
k+1
0 and for T = [0, 2rπ]
k and S = [0, 2sπ]ℓ,
lk(θΦ(p,T), θΨ(q, S) = r
ksℓ
since for these rectangles T and S the cones σ(p, T ) and σ′(q, S) are empty. When
we normalize by dividing by (2rπ)k · (2sπ)ℓ we get the constant (2π)−(k+ℓ), which
is therefore the value of the limit for orbits in Wǫ as r, s → ∞. Other points p, q
contribute positively, so we get lk(Φ,Ψ) > 0. To get a negative value it suffices to
change one of the orientations. Finally by multiplying t ∈ Rk by s we multiply the
asymptotic linking number by sk and thus we can obtain all real numbers as values
of lk(Φ,Ψ). 
Example 2. Given a closed connected oriented submanifold N ℓ embedded in Dn
and a real number t, by a similar construction we can find a conservative action Φ
of Rk on Dn, k = n− ℓ− 1, such that lk(Φ,N) = t.
Here the construction is similar to the previous example. By applying Lemma
7 repeatedly we can obtain T k ⊂ Rn \ P , where P is an affine ℓ-plane, such that
the linking number is lk(Tk,P) = 1. Now locally the smooth embedding of N in
Dn is diffeomorphic to the embedding of P in Rn, so we can find a small torus
T k ⊂ Dk \N such that lk(Tk,N) = 1. The rest of the construction proceeds as in
Example 1.
References
[1] V. Arnol’d, The asymptotic Hopf invariant and its applications, Sel. Math. Sov. 5 (1986),
327-354.
[2] V. Arnol’d and B. Khesin, Topological Methods in Hydrodynamics (Springer 1998).
[3] J. Cantarella, D. De Turck, and H. Gluck, The Biot-Savart operator for application to knot
theory, fluid dynamics and plasma physics, Jour. of Math. Physics, 42 (2001), 876-904.
[4] Contreras, G. and Iturriaga, R., Average linking numbers, Erg. Th. Dyn. Syst. 19 (1999),
1425-1435.
ASYMPTOTIC LINKING OF VOLUME-PRESERVING ACTIONS OF Rk 27
[5] Garc´ıa-Compea´n, H. and Santos-Silva, R. Link invariants for flows in higher dimensions,
arXiv.org ¿ hep-th ¿ arXiv:0908.3218
[6] Khesin, B., Topological fluid dynamics, Notices Amer. Math. Soc. 52 (2005), 9-19.
[7] Kotschick, D. and Vogel, T., Linking number of measured foliations, Erg. Th. Dyn Sys. 23
(2003), 541-558.
[8] Lindenstrauss, E., Pointwise theorems for amenable groups, Inventiones Math. 146 (2001),
259-295.
[9] Lizarbe Chira, J.L., Indices de enlac¸amento assinto´tico para ac¸o˜es de Rk em variedades
Riemannianas compactas, doctoral thesis, Pontif´ıcia Universidade Cato´lica do Rio de Janeiro,
2006, available on the internet at: http://www.mat.puc-rio.br/∼paul/tesechira.pdf.
[10] Lizarbe Chira, J.L. and Schweitzer, P.A., S.J., A generalization of the Biot-Savart formula
to higher dimensions, preprint.
[11] Moser, J., On the volume elements on a manifold, Trans. Amer. Math. Soc. 120 (1965),
286294.
[12] Stone, M. and P.R. Thomas, Physical Review Letters (7 August 1978), p. 351.
[13] Tempelman, A.A., Ergodic theorems for general dynamical systems ( Springer 1992).
[14] Tempelman, A.A., Ergodic theorems for group actions, Kluwer.
[15] Vogel, T., On the asymptotic linking number, Proc. Amer. Math. Soc. 131 (2003), 2289-2298.
[16] J. White, Self-linking and the Gauss integral in higher dimensions, Amer. Jour. of Math. 91
(1996), 693-728.
Departamento de Cincias Exatas (VCE), Polo Universitrio de Volta Redonda (PUVR),
Universidade Federal Fluminense, Avenida dos Trabalhadores 420, Vila Santa Ceclia,
Volta Redonda, Rio de Janeiro 27255-125, Brazil.
E-mail address: chira67@gmail.com
Departamento de Matematica, Pontificia Universidade Cato´lica do Rio de Janeiro,
Rua Marqus de Sa˜o Vicente 225, Gavea, Rio de Janeiro 22453-900, Brazil.
E-mail address: paul37sj@gmail.com
